NONDISCRETE P-GROUPS CAN BE REFLEXIVE 



O ". JORGE GALINDO (1) , LUIS RECODER-NUNEZ (2) , AND MIKHAIL TKACHENKO (3) 

o : 

. Abstract. We present a series of examples of nondiscrete reflexive P-groups (i.e., 

■ groups in which all Gs-sets are open) as well as noncompact reflexive ^-bounded groups 

■ (in which the closure of every countable set is compact). Our main result implies that ev- 
l/") ■ ery product of feathered (equivalently, almost metrizable) Abelian groups equipped with 

the P-modified topology is a reflexive group. In particular, every compact Abelian group 
with the P-modified topology is reflexive. This answers a question posed by S. Hernandez 

, and P. Nickolas and solves a problem raised by Ardanza-Trevijano, Chasco, Dommguez, 

, and Tkachenko. 
Ctf . 

, AMS Subj. Class. (2000): 54H11; 22D35; 54G10; 54D30; 54B10 

[ Keywords: Pontryagin's duality; Reflexive; P-group; w-bounded; Product; S-product; Compact 

. subset; Character depends on countably many coordinates 

m ! 
t> ■ 

1. Introduction 

Extending Pontryagin's duality to diverse classes of topological groups beyond locally compact 



o 



ones has been the object of attention through the last 60 years. It has become patent in recent 
times that the duality properties of precompact groups and of projective limits of discrete groups, 
two otherwise well studied classes of topological groups, are poorly understood. We refer the 
reader to [7] for the case of precompact groups and to jT4] and [15] where the need of an improved 
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knowledge of the duality properties emerged in the study of the structure of projective limits of 
Lie groups. 

The duality theory of P-groups involves immediately both classes of topological groups. A P- 
group is a topological group in which the intersection of any countable family of open sets is open. 
Some basic information about P-groups can be found in [3j Section 4.4]. 

It is easy to see that P-groups are projective limits of discrete groups that do not contain 
infinite compact subsets. Because of this latter property the character group of a P-group is 
always precompact. Even more, it has the far stronger property of being uj-bounded (the closure 
of any countable subset is compact), see Lemma |5. II below. Therefore P-groups occupy the region 
of pro-Lie groups that is farthest to locally compact groups whereas w-bounded groups are among 
the most compact-like classes of topological groups. 

Despite a considerable interest to the subject, the only result in the literature concerning the 
duality of P-groups is Leptin's example [T7j, later reproduced by Noble [TB] and Banaszczyk [5J 
Example 7.11]. This example is the inverse limit of an uncountable family of discrete groups which 
turns out to be a nondiscrete P-group whose second dual is discrete. Hence Leptin's group is not 
reflexive. This motivates the following question posed by S. Hernandez and P. Nickolas at the 
International Workshop on Topological Groups and Dynamic Systems in Madrid, 2008: 

Question 1. Must every reflexive Abelian P-group be discrete? 

This problem is naturally linked with the question on whether a precompact, noncompact group 
can be reflexive (recall that the dual group of a P-group is w-bounded and hence precompact). The 
first examples of precompact, noncompact reflexive groups have been recently obtained in [I] and 
|llj . but the examples presented there are precompact groups with no infinite compact subsets; so 
they are far from being w-bounded. Question [T] has therefore the natural accompanying question. 

Question 2. How close to being compact can a reflexive precompact Abelian group be? In 
particular, can a noncompact cj-bounded group be reflexive? 

The main objective of this paper is to answer Question [T] (in the negative) and Question [5] (in 
the positive) . We do this in Theorem 16.81 below by proving that every product of discrete Abelian 
groups with the P-modified topology is reflexive. This result is then extended to products of 
feathered (equivalently, almost metrizable) Abelian groups. In an attempt to trace the borders 
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between reflexive and nonrefiexive P-groups we also give a number of new examples of reflexive 
and nonrefiexive P-groups. 

We also establish in Propositions l5.6l and l5.9l that the class of reflexive P-groups has unexpectedly 
good permanence properties — it contains quotient groups and if a reflexive P-group 67 is a dense 
subgroup of a topological group H, then H is reflexive P-group as well. 

2. Notation 

All groups considered here are assumed to be Abelian if otherwise is not specified explicitely. 
The complex plane with its usual multiplication and topology is denoted by C. A character 
on a group 6? is a homomorphism of G to the circle group T = {zeC:|z| = l}. The set 
{e l{p : — 7r/2 < (p < it/2} is denoted by T+. Pontryagin's duality theory is based on relating a 
topological group G with the group G A of continuous characters of G. The group G A will be 
equipped with the topology of uniform convergence on the compact subsets of G. This topology 
has as a neighbourhood basis at the identity the sets 

K > = { X G G A : x(x) e T+ for all x G K} , 

where K runs over the family of compact subsets of G. If a topological group G is well-represented 
by its continuous characters, one can recover G from G A by forming the bidual group G AA = 
(G A ) A and then considering the canonical evaluation homomorphism a G : G — > G AA defined by 
a a( x ){x) = x[ x )i f° r all x e G and \ G G A . We say accordingly that G is reflexive if the 
homomorphism a G : G — > G AA is a topological isomorphism. 

We will use the concept of nuclear group as it appears in [H [5] . It is worth mentioning that every 
closed subgroup H of a nuclear group G is dually embedded in G, i.e., for every x G G \ H there 
exists a continuous character G — > T such that x{H) = {1} and x( x ) 1 ( see El Corollary 8.6]). 
In particular, continuous characters of a nuclear group G separate points of G which in its turn 
implies that the evaluation homomorphism a G : G — > G AA is injective. 

Given a topological group H, we denote by PH the P -modification of H which is the same 
underlying group H endowed with the finer topological group topology whose base is formed by 
the family of G^-sets in the original group H. The subgroup of H generated by a set A C H is 
(^4). Sometimes we use (A, B) for A, B C H to denote the group (AU B). 
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A group G is boolean if every x £ G satisfies x + x = Og- The group Z2 = {0, f } and all powers 
of Z2 are boolean groups. 

Let {Di : i £ 1} be a family of topological groups and D = Yiiei Di the product group with the 
usual TychonofF product topology. Elements of D will be regarded as functions x : / — > {J ieI D; t 
such that x(i) £ Di for all i £ I. If x £ D, we define the support of x as 

supp(.x) = {i £ I: x(i) ^ 0J, 

where 0i is the neutral element of Di. With these notations, the subgroup 

ED = {x £ D: I supp(x)| < u>} 
of D is called the T,-product of the family {Di : i £ I}. Similarly, 

oD = {x £ D : I supp(x) I < cj} 

is a subgroup of D which is called the a -product of the family {Di : i £ I}. 

Let denote the family of all countable subsets of the index set /. For every i £ I, we 

denote by Si the family of all subgroups of type Gs in Di. It is clear that Si is a base of PDi at 
0i. The collection of sets 

U( J, f) = {x£D: x(i) £ f(i) for all i £ J} , 

where J <£ [T\- u and / a function with the domain J such that f(i) £ Si for each i £ J, constitutes 
a base at the identity of PD, the P- modification of the product group D. Clearly, ED is a dense 
subgroup of PD, while oD is a dense subgroup of D. 
In what follows we will also use the sets 

U(J) = {x £ D: x(i) = 4 for all i £ J} , 

with J £ I. Notice that if the groups D^s are discrete, then the family {U( J) : J £ [/]-"} forms 
a local base at the identity of PD. 

We will mainly be working with topological groups G such that 

SflCGC PD. 

The subgroup ED of PD will always carry the topology inherited from PD, i.e., ED is a P-group. 

Let G be a subgroup of PD and J £ I. We will say that a character x - G ^ T depends on J 
if there is x £ G with supp(x) C J such that x( x ) 1 (notice that x £ G (1 U(I \ J)). 
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It is easy to see (see Lemma 14.11 below) that a character x '■ G — >■ T is continuous if and only if 
there are J € [I]-" and a function / such that GnU(J, f) C ker^- Therefore, for every continuous 
character 67 — >• T, there is J G such that x does not depend on I \ J. We say in this case 

that x depends (at most) on countably many coordinates. Similarly, we say that a set K C G A 
depends (at most) on countably many coordinates if there is J 6 [1]-^ such that every x € K does 
not depend on / \ J. 

3. The results 

As we mentioned above, Leptin |17j gave an example of a nonreflexive P-group which was the 
subgroup of PZj 1 consisting of elements with finite support (i.e. the er-product of uj\ copies of the 
discrete two-element group l-i). Here we extend Leptin's argument to deduce the following result 
(see Proposition [731): 

Theorem 1. The Yi-product T,D C PD is not reflexive, where D = Yiiei * s the product of an 
uncountable family of nontrivial discrete Abelian groups. 

We also extend Theorem [JJ to certain subgroups between S = SZj and PZ£ as follows (see 
Theorem EH]): 

Theorem 2. If L is a countable subgroup of Pl^, for an uncountable cardinal t, then the subgroup 
G f = £ + L of P7L\ is not reflexive. 

It may be worth to observe that while the proof of Theorem [JJ uses an argument close to Leptin's, 
this argument does not work for Gl and a different one is needed for Theorem [5] 

Somewhat surprisingly we also find a wealth of non-discrete reflexive P-groups (and hence 
reflexive noncompact w-bounded groups). In particular, we prove the following fact in Theorem l6.8l 
(and Corollary 16. 9[) : 

Theorem 3. Let D = Y\ ieI D% be a product of nontrivial discrete Abelian groups, where \I\ > u>. 
Then the nondiscrete P -group LI = PD and the noncompact co-bounded group LI A are reflexive. 

The non-reflexive groups in Theorems [TJ and [5] are evidently non-complete, while the reflex- 
ive groups presented in Theorem [3] are complete (apply }12| Theorem 8]). One can conjecture, 
therefore, that reflexive P-groups are complete. We show in Theorem [5] below that this is not the 
case. 
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Theorem [3] can be given a considerably more general form. We recall that a topological group 
G is called feathered or almost metrizable provided there exists a nonempty compact set K in G 
with a countable neighbourhood base. The next result follows from Theorem 16. 131 

Theorem 4. Let D — Y\ ie jDi be a product of feathered Abelian groups. Then the group PD is 
reflexive. 

As a step towards the proof of Theorem 2] we show that every compact Abelian group with the 
P-modified topology is reflexive. 

The following reflexion principle turns out to be quite useful when trying to extend the class of 
reflexive P-groups (see Theorem 16. f 41) : 

Theorem 5. Suppose that D — Yiiei is a product of topological groups and T.D C G C PD. 
Then the group G is reflexive iff the subgroup tt.j (G) of PDj is reflexive, for every set J <Z I 
satisfying \ J\ < Hi (here tt j : D — > TiiejDi is the projection). 

Theorem [3] enables us to present examples of dense reflexive subgroups G of the groups PD (see 
Corollary 16. 15p . Clearly, G is not complete provided that G ^ PD: 

Theorem 6. Let D = Yiipi be a product of feathered Abelian groups. Then the subgroup 

E^P = {x 6 PD : | supp(a;)| < Hi} 
of PD is reflexive and every subgroup G of PD containing E^-D is also reflexive. 

Once we have established that the class of reflexive P-groups is quite wide, it is natural to 
clarify the permanence properties of this class. In the next result we present two of them (see 
Propositions 15.61 and 15. 9p : 

Theorem 7. Let G be a reflexive P -group. 

(a) If G is a dense subgroup of a topological group H , then H is also a reflexive P -group. 

(b) If 7r : G — > K is a continuous open homomorphism of G onto K , then K is a reflexive 
P-group. 

Let r > uj be a cardinal. To extend Theorem [3] to subgroups slightly smaller than IT = P1\ 
we consider an arbitrary ultrafilter £ on r containing all subsets of r with countable complement. 
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Note that A £ £ implies \A\ > uj. Wc then define 

G i = {x £ll: supp(a;) £ £}. 

It is straightforward to check that Gj is a subgroup of II. Also, if x £ E, then | supp(x)| < w. So, 
supp(x) ^ £ and therefore ELI C G^. It is clear that G^ ^ II because the constant function 1 is 
not in Actually this is the "most important" element absent in G^, as II = (Gj, 1) = Gg ® (1). 
We prove in Theorem 16. 1 71 that this smaller subgroup G^ of II is also reflexive: 

Theorem 8. The nondiscrete P-group G^ is reflexive, for every ultrafilter £ on r containing the 
complements to countable sets. 

4. Factorization of characters on subgroups of a product group 

Here we collect several results of technical nature which will be used later. Throughout this 
section D = Yiiei D{ stands for the Tychonoff product of a family {Di : i £ /} of topological 
groups, not necessarily Abelian. For J £ I, we denote by Dj the corresponding subproduct 
IlieJ and by ttj : D — > Dj the projection. 

Lemma 4.1. Let G be a subgroup of PD and \ '- G — > T be a character. The following assertions 
are then equivalent: 

(1) x * s continuous, i.e., \ 6 G A . 

(2) There are J £ and a function f such that G PI U( J, /) C ker x (' in particular, \ does 
not depend on I \J). 

(3) There are a countable set J £ I and a continuous character \J on the subgroup ttj(G) of 
PDj such that X = X.J ° ^j\g- 

Proof. Suppose \ is continuous. Since G is a P-group, the kernel of x is an open subgroup of G. 
It follows from the definition of the topology of PD that there exist a countable set J £ I and 
a function / with the domain J such that f(i) is an open subgroup of PDi for each i £ J and 
the basic open set U(J, f) = {x £ D : x(i) £ f(i) for all i £ J} in PD satisfies G D U{ J, f) £ ker x- 
Clearly x does not depend on / \ J. Hence (1) implies (2). 

Suppose now that G<1U(J, f) £ ker% for a countable set J £ I and a corresponding function /. 
We define a character xj on ttj(G) by Xj(ttj(:e)) = x( x ) f°r & n y element x £ G. This definition is 
correct since the equality irj(x) = TTj(y) implies that x~ 1 y £ GO U(J, f) and x( x ) = x(y)- By the 
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definition of xj> we see that x — XJ 07T j\g- It also follows from the definition of xj that its kernel 
contains the set irj(G) l~l Uf, where Uf — YiieJ /(*) an< ^ /(*) ^ s an °P en subgroup of PDi for each 
i G J. Since Uf is an open subgroup of PDj, we conclude that %j is a continuous character on 
the group ttj(G). So (2) implies (3). 

Finally suppose that there is a countable set J <Z I and a continuous character x.J on kj{G) 
such that x — XJ ° kj\g- Since the projection nj : PD — >• P-Dj is continuous, we see that so is the 
character %. Hence (3) implies (1). □ 

The following result is close in the spirit to [8j Theorem 4.6], where the product space carries 
the usual Tychonoff product topology. 

Lemma 4.2. Let G be a dense subgroup of PD andx £ G A . Then x admits a continuous extension 
to a character x on PD and, for every set J C I, X does not depend on I \ J if and only if there 
exists a continuous character ip on ttj(G) such that x = V J ° k,j\g- 

Proof. Since G is dense in PD and the circle group T is compact (hence complete) , x extends to a 
continuous character x on the group PD. If x does not depend on I\ J, where J C I, there exists a 
character ip on PD j such that x = ip 07r Ji where Dj = Yii^i Di and nj : D — >• Dj is the projection. 
Since 7rj : PD — > PDj is open, the character ip on PDj is continuous. Then x — ip ^jI^Gj where 
^ is the restriction of ^ to the subgroup ttj(G) of PDj. Clearly, the character ip is continuous. 

Conversely, suppose that there exists a continuous character ip on the subgroup ttj(G) of P-Dj 
such that x — ^ ° ^jIg- Since irj(G) is dense in PDj, ip extends to a continuous character ip on 
the group PDj. Clearly, the characters x and ip o itj coincide on the dense subgroup G of PD. 
Since the group T is Hausdorff, we see that x — ip ° irj. It follows that x does not depend on 

a 

In general, the existence of a continuous character ip on 7rj(G) satisfying % = ?/) o 7rj \q in 
Lemma 14.21 cannot be weakened to a simpler condition that x does not depend on / \ J . However, 
this weakening is possible for special subgroups of PD as we will see in Corollary 14.41 below. First 
we need a lemma. 



Lemma 4.3. If T,D C G C P-D, then the restriction of the projection irj : PD —± PDj to G is 
an open homomorphism of G onto nj(G), for every nonempty set J C J. 
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Proof. Let J be a nonempty subset of /. Since G is a subgroup of PD, the restriction of tvj to 
67 is a continuous homomorphism. Hence it suffices to verify that the image ttj(V Pi 67) is open in 
ttj(G), for every basic open neighbourhood V of the identity e in PD. In fact, we will show that 
^j{y H 67) = ttj(V) (~l itj(G). 

Given a basic open neighbourhood V of e in P-D, one can find a countable set C <Z I and open 
subgroups Vi of Di for i £ C such that 

F={i£fl: a;(i) G VJ for each i G 6}. 

Let F — C DJ and E = C\J. It is clear that F and F are disjoint countable sets and C = FUE. 
Take an arbitrary point y G 7rj(y) n nj(G). There exists an element x G G with 7rj(a;) = y. 
Clearly, x(i) = y(i) G Vi for each i G F. Since £7 is countable, we can find an element x$ G E-D 
such that supp(xo) n J = and a;o(i) = x(i) for each i G E. Then the element 1 of 

D satisfies z(i) G Vi for each i G C, so z G V . Since xo G S-D C G, we see that z G G. Hence 
z G VnG and 7r, 7 (z) = nj(x)-(7r J (x ))- 1 = y. This implies that ttj {V) n?r , 7 (G) C TTj(^nG). The 
inverse inclusion is obvious, so the equality nj(V D G) = 7rj(y) n nj(G) is proved. Therefore the 
restriction of the homomorphism 7r,/ to G is open when considered as a mapping onto its image. □ 

Corollary 4.4. Let G be a group with ED C G C -P-D, and x G G A . Then, for every set J C /, 
i/ie continuous extension X °f X over PD does not depend on I\J if and only if x does not depend 
on I \ J . 

Proof. By Lemma I4T121 x is a continuous character on PD. Hence it suffices to verify that if x does 
not depend on I \ J, neither does x- Under this assumption, there exists a character tf> on ttj(G) 
such that x = ip ° ^j\g- Since the restriction to G of the projection 7rj is open by Lemma I4.31 the 
character ip is continuous. We apply Lemma 14.21 once again to conclude that x does not depend 
on I \ J. □ 

5. Reflexivity of G and COMPACT SUBSETS OF G A 

Here we characterize the reflexivity of a P-group G in terms of compact subsets of the dual 
group G A . First we present a simple but useful piece of information. 

Lemma 5.1. If G is a P-group, then the dual group G A is co-bounded. 
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Proof. Since G is a P-group, all compact subsets of G are finite. Hence G A is a topological subgroup 
of T G , where T is the circle group with its usual compact topology inherited from the complex 
plane. Let C be a countable subset of G A . Since the circle group T and its power T G are compact, 
the set C is also compact (the closure is taken in T G ). We claim that C C G A . 

To verify this inclusion, take an arbitrary element tp G C. It is well known (and easy to see) 
that ip is a homomorphism of G to T, so it suffices to prove the continuity of tp at the neutral 
element 0g of G. Since each \ G C is continuous at 0g, there exists an open neighbourhood U x 
of 0g in G such that x{U x ) — nere 1 is the neutral element of T. Then V — ri x ec 1S an 
open neighbourhood of 0q, and we claim that tpiV) = {1}. Indeed, if x G V, then x( x ) = 1 f° r 
each x G G, so it follows from tp G C that tp(x) = 1. Thus, 99 is also continuous at 0g, i.e., <y? G G A . 
Therefore the group G A is w-bounded. □ 

Let us isolate a property that a P-group must possess in order to be reflexive. In what follows 
we say that a set A C G A is constant on a subgroup H of G if every x G if is constant on H. 

Lemma 5.2. Let G be a P-group. The evaluation mapping a G : G — > G AA is continuous if and 
only if every compact set K C G A is constant on an open subgroup of G. 

Proof. Necessity. Let K be a compact subset of G A . If a G is continuous, there exists an open 
neighbourhood U of the neutral element e in G such that a G (U) C A' > . Since G is a P-group, 
it follows from [31 Lemma 4.4.1a)] that there exists an open subgroup V of G such that V C U. 
Clearly the set T + does not contain nontrivial subgroups, so x(Y) = {1} f° r eacn X £ AT. Thus A 
is constant on V . 

Sufficiency. It suffices to verify the continuity of the homomorphism a G at the neutral element 
of G. Let A^ be a basic open set in G AA , with A a compact subset of G A . By hypothesis, there 
exists an open subgroup V of G such that every x G A" is constant on V. Then a G (V) C K t> . 
Therefore a G is continuous at e. □ 

Since we are mainly concerned with (subgroups of) product groups, it is worth to reformulate 
the above lemma for this special case. 

Corollary 5.3. Let G be a subgroup of PL) , where D = Y\ ieI is the product of an arbitrary 
family of topological groups. The evaluation mapping a G : G — > G AA is continuous if and only if 
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for every compact set K C G A , one can find a set J G [I]- and an open subgroup U of PDj such 
that every \ € K is constant on the set G D 7rJ" 1 (C/). 

Proof. By Lemma l5.21 the continuity of a G means that every compact set K C G A is constant on 
an open subgroup V of G. Since the sets G Hnf 1 ^), where J G [Pj- W and U is an open subgroup 
of PDj, form an open basis at the neutral element of 67, the required conclusion is immediate. □ 

Theorem 5.4. A P '-group G is reflexive if and only if every compact set K C G A is constant on 
an open subgroup of G. 

Proof. By p2 Lemma 4.4.1a)], every P-group has a base at the identity consisting of open sub- 
groups. Hence 67 is a topological subgroup of a product of discrete groups. Since the class of 
nuclear groups contains discrete Abelian groups and is closed under taking products and arbitrary 
subgroups (here we apply Propositions 7.3, 7.5, and 7.6 from [5 ), it follows that the group 67 is 
nuclear. 

We already know that the evaluation homomorphism a G : 67 — >• G AA is injective because G is a 
nuclear group. By the same reason, the mapping a G : G — > a G (67) is open, where a G (67) carries 
the topology inherited from G AA (see Theorem 8.5 and Lemma 14.3 of [5]). 

Since the P-group G has no infinite compact subsets, G A carries the topology of pointwise 
convergence on elements of G. It follows that G AA — a G (G) (see for instance [9j Theorem 1.3]). 
The P-group G is therefore reflexive if and only if a G is continuous. The theorem is then a direct 
consequence of Lemma 15.21 □ 

Here is a coordinatewise form of Theorem 15.41 which is immediate after Corollary 15. 31 

Theorem 5.5. Let D — Yiiei ^ i ^ e a P r °duct of topological groups. A subgroup G of PD is 
reflexive if and only if for every compact set K C G A , there exist a set J G [Pj-^ and an open 
subgroup U of PDj such that K is constant on G D 7ry 1 (P). 

The following two somewhat unexpected facts fail to hold outside the class of P-groups. The 
first of them says that reflexivity in P-groups extends from a dense subgroup to the whole group: 

Proposition 5.6. Let G be a a dense subgroup of a topological group H . If G is a reflexive 
P-group, so is H . 
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Proof. Suppose that G is a reflexive P-group. Since G is dense in H, it follows from [3] Lemma 4.4.1 d)] 
that H is a P-group. According to Theorem l5.4l it suffices to verify that every compact set K C H A 
is constant on an open subgroup of H. Denote by r the natural restriction homomorphism of H A 
to G A defined by r{\) = x\g, f° r each \ G H A . Since G C H and the dual groups G A and i? A 
carry the topologies of pointwise convergence on elements of G and H, respectively, r is continuous. 
It also follows from the density of G in H that r is one-to-one and onto. In other words, r is a 
continuous isomorphism of H A onto G A . 

Since G is reflexive, Theorem 15.41 implies that the compact set r(K) C G A is constant on an 
open subgroup V of G. Let {/ be the closure of K in ff. Then U is an open subgroup of H and 
every \ ^ K is constant on the dense subset V of U. By a continuity argument, % is constant on 
U. Therefore K is constant on U, whence the reflexivity of H follows. □ 

The second fact establishes that the class of reflexive P-groups is stable under taking quotients. 
Its proof makes use of dual homomorphisms. Since this tool will be used several times in the article, 
we give a lemma explaining basic properties of dual homomorphisms. 

Let us recall that a surjective mapping / : X — > Y is compact covering if for every compact set 
K c Y, there exists a compact set G C X such that /(G) = K. 

Lemma 5.7. Let n: G — > H be a continuous homomorphism of topological Abelian groups. Let 
also 7r A : H A — > G A be the dual homomorphism defined by tt a (x) — X ° 7r ; f or each \ S H A . Then: 

(a) 7r A is continuous. 

(b) If 7r is compact covering, then 7r A is a topological isomorphism of H A onto its image 

7T A (P A ). 

(c) If the homomorphism it is open, then the image ir A (H A ) is closed in G A . 

Proof, (a) is well known. Indeed, let G be a compact subset of G and U — C > a basic open 
neighbourhood of the neutral element in G A . Then K = n(C) is a compact subset of H and 
V = is an open neighbourhood of the neutral element in H A . For any \ £ V, we have 
tt a ( x )(G) = (x o tt)(G) = xMC)) = x(K) C T+, that is, tt a (x) G G^ = U. This implies the 
continuity of 7r A and proves (a) . 

(b) follows from [H Lemma 5.17]. 
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(c) Suppose that tt is an open homoniorphism of G to H and let K = ir(G). Then K is an 
open subgroup of H , so every continuous character on K extends to a continuous character on H. 
Hence ir A (K A ) = ir A (H A ) and we can assume without loss of generality that tt(G) = H . 

Our further argument is very close to the proof of item 2) of Corollary 0.4.8 from [2]. Indeed, 
let ip be in the closure of tt a (H a ) in G A . Since finite sets are compact, the topology of G A contains 
the topology of pointwise convergence on elements of 67. Applying this fact, one easily verifies 
that ip is a homomorphism of G to T and that ip is constant on each fiber 7r _1 (?/), y € H. Hence 
there exists a function \ : H — >• T such that ip = \ ° Clearly, \ is a homomorphism. Since ^ 
is continuous and 7r is open and onto, the equality ip — x ° t implies that x is continuous as well. 



Corollary 5.8. Lei n: G H be a continuous onto homomorphism. If all compact subsets of 
H are finite, then n A is a topological isomorphism of H A onto the subgroup ir A (H A ) of G A . In 
particular, this is the case when H is a P -group. 

Proof. Since all compact subsets of H are finite, the homomorphism 7r is compact covering. The 



Proposition 5.9. Let 7r: G — > H be a continuous open epimorphism of topological groups. If G 
is a reflexive P-group, so is H . 

Proof. The fact that the image H = tt(G) is a P-group follows from [3l Lemma 4.4.1c)]. Let us 
show that H is reflexive. Take an arbitrary compact subset C of H A . By (a) of Lemma T5.71 the 
dual homomorphism 7r A : H A — > G A is continuous, so K = tt a (C) is a compact subset of G A . Since 
the group G is reflexive, Theorem 15 .41 implies that there exists an open subgroup U of G such that 
K is constant on U. Then C is constant on the open subgroup V = ~k(U) of H . Indeed, if x G C 
and y G V, take x G U with ir(x) = y. Then x(y) = x( n ( x )) = 7rA (x)( a; ) — 1 since n A (x) G K. 
Applying Theorem 15.41 once again, we conclude that the group H is reflexive. □ 

We finish this section with two special cases of Theorem 15.51 

Corollary 5.10. Let D = Yiiei D% be a product of topological groups. The group PD is reflexive 
if and only if the following hold: 

(a) the group PDj = P(J\ ieJ Di) is reflexive for each J G [Pj- 1 ^; 



Thus, x G H A and ip = ir A ( X ) G n A (H A ). 



□ 



required conclusion now follows from (b) of Lemma 15.71 



□ 
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(b) every compact set A C (PD) A depends at most on countably many coordinates. 

Proof. Necessity. It is easy to see that the projection ttj : PD — > PDj is open for each J C I. 
If the group PD is reflexive, then the reflexivity of the groups PDj follows from Proposition 15.91 
Suppose that if is a compact subset of (PD) A . Theorem 15.51 implies that there exist J E [1]-^ 
and an open subgroup U of PDj such that A is constant on 7rJ 1 ([/). Then every \ £ A does not 
depend on / \ J, that is, A does not depend on I \ J. Hence conditions (a) and (b) hold true. 

Sufficiency. Let us deduce the reflexivity of PD from (a) and (b). Take a compact set K C 
(PD) A . By (b), there exists a countable set J C / such that A does not depend on I\ J. 

Denote by ip: (PDj) A — > (PD) A the homomorphism dual to the projection irj : PD —> PDj. 
Since the projection ttj : PD — > PDj is open and all compact subsets of PDj are finite, it follows 
from Corollary 15 . 81 that (p is a topological isomorphism of (P£>,/) A onto a subgroup of (PD) A . 

We claim that A C ip((PDj) A ). Indeed, take an arbitrary character \ £ ^T- Since x does not 
depend on / \ J, there exists a character £ on PDj such that x — C ° ttj- The character £ is 
continuous since the projection 7Tj is open. Hence C € (PDj) A and x = y>(£) € (p((PDj) A ). 

Let C = (/^(X). Then C is a compact subset of the group (PDj) A . By (a), the group PDj is 
reflexive. According to Theorem l5.4[ PD j contains an open subgroup U such that every character 
( G C is constant on U. Since f(C) = K, we see that every x 6 A" is constant on the open 
subgroup 7r7 1 (C^) of PD. The reflexivity of the group PD now follows from Theorem 15.51 □ 

We shall see in Proposition 16.71 that one can drop item (b) in the above corollary. The next 
result is a slight modification of Corollary 15. 10[ so we omit its proof. 

Corollary 5.11. Let D = Yiiei Di be a product of topological groups such that the group PDj is 
reflexive for each J € Suppose that G is a subgroup of PD satisfying irj(G) = PDj for 

each J € ■ Then G is reflexive if and only if every compact set K C G A depends at most on 
countably many coordinates. 

6. Reflexive P-groups 

We prepare here our way to show that some nondiscrete P-groups are reflexive. The lemma 
below is obvious and its proof is omitted. 

Lemma 6.1. Let b, t be elements off and t ^ 1. Then there is an integer k such that t k ■ b ^ T + . 
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In the following proposition and in Lemmas 16.31 16.5[ D = fl ieI Di stands for the product of an 
arbitrary family of topological Abelian groups. 

Proposition 6.2. Suppose that C = {x v - V < Ux) C {PD) A , 3 = {J v - V < uji} C [I]-", and 
X = {x v : rj < uji} C PD satisfy the following conditions for each rj < ui\: 

(1) Xn does not depend on I\J rt ; 

(2) supp(x r) ) C J v ; 

(3) x,WeT\T + ; 

(4) if ( < J], then Jq f] supp(x v ) = 0. 

Then every element of f]~ <0Jl \Xr) '■ V > 7} * s discontinuous as a character on the group PD. 

T D 

Proof. For each 7 < ui\, let C 7 = {xr t '■ V > 7} and K 1 — C 7 . Since the family {K^: 7 < u>i} 
of compact sets is decreasing, we see that K = {~\ 1<LOl is nonempty. Take p G K. Suppose 
toward a contradiction that p is continuous, i.e., that p G (PD) h . By Lemma [4.1[ there exists 
J G [P]- u ' such that p does not depend on / \ J. It follows from (2) and (4) that the family 
{supp(a; r; ): rj < uj\} is pairwise disjoint. Take a countable ordinal 770 such that Jp|supp(x I) ) = 
for all 77 satisfying rj^ < n < uj\. It then follows that p(x. q ) = 1 for every countable ordinal r\ > 770. 

Given a family {g a : a G ^4} C D such that supp((7 a ) Pi supp^) = for distinct a, f3 G A, we 
can define an element g = ]\ ae A -9" G D by the requirements that supp(g) = [Jae^ su PP(ff«) an d 
for every a G A, the elements g and g a coincide on supp(<7o,). 

Now for every countable ordinal 77 > 770, we define a point g n G D satisfying the following two 
conditions: 

(a) g^ is either the neutral element of D or k^x^, for some k n G Z; 

(b) ^(iI^^S/j) £T\T+. 

To begin, we put g m = x^ . Then conditions (a) and (b) hold. Suppose now that 770 < o < uj\ and 
that g v have been defined for all 77 with 770 < 77 < a such that (a) and (b) hold. Notice that the 
family {supp(tfy) : 770 < 77 < a} is pairwise disjoint, by (a). If x* {jl no <p<a- 9p) £ T +, put g a = 0. 
If z = Xa- (]A no <i3<a ff/ 9 ) G we apply Lemma I5TT1 to z and t — x<t{ x <t) to find an integer k a such 
that z ■ t ka £ T+. We then put g a = k a x a . Since x<j (jl Vo <i3<a — z - t k " £ T + , the element <7 CT 
satisfies (a) and (b) at the stage er. The recursive definitions are complete. 

By (a), the supports of g^s with 77 > 770 are disjoint, so we can put ho = U„ <„ <a;i 9t)- Again by 
(a), supp(/io) C |J{supp(x ?? ) : ?7o < 77 < oj\} and, since Jflsupp(a:^) = for every countable ordinal 
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77 > 770, we see that Jnsupp(/i ) = 0- Therefore p(h ) = 1. Since p G K Va and (T+)/ l0 x T D \i h o} i s 
a basic open set in T D containing p, there exists 77 > r/o such that Xvi^o) £ T+. However, it follows 
from (4) of the proposition that J n PI supp(x^) = if rj < < oj±, while condition (a) implies that 
supp(<7 ( g) C supp(x^). Therefore, the sets J v and supp (\J n< p <ull 9pJ are disjoint and hence (1) 
of the proposition implies that Xn fll»j</3<(d 1 9p) = 1- ^ now f° uows from (b) that 

Xn( h o)=Xn\ II 3/3 'X^ II 5/3 =X»j II .9/3 J-10T+. 

This contradiction shows that p is discontinuous. □ 

Lemma 6.3. Suppose that YjD C G C PD, g G G, \ 6 G A , and x(g) =^1. 7/x does no£ depend 
on I \ J , /or a countable set J <Z I , then there exists a point x G G mt/i supp(x) C J P supp(<7) 
smc/i Tj/ia/j x( cc ) ^ 

Proof. We can find elements y, z G PD such that g = y + z, supp(y) = J P supp(<?), and supp(^) PI 
J = 0. Notice that y G S-D C G, so z G G. It follows from our choice of z that x{ z ) — 1- Since 
x(y) — x(") ' x( z ) — x(y + z ) — xG?) 7^ 1) we see that t = x(y) 7^ 1- Take an integer n such that 
t n ^ T + . The point x = ny G G is as required. □ 

Lemma 6.4. Suppose that T,D C G C PD and if C G A . //if depends on uncountably many 
coordinates, then K contains a subset C = {xr/- V < wi} a^d G contains a subset X — {x n : rj < 
uj\} such that conditions (l)-(4) of Provosition [67B hold for C, X, and a suitable collection 3 = 
{J v : rj < uji} of countable subsets of I . 

Proof. To begin, we choose a family { J x : x G K} of countable subsets of I such that x does not 
depend on I\J X , for each x € K. 

Since K depends on uncountably many coordinates, there is a nontrivial character xo G K. It 
follows from Lemma 16.31 that there is a point xq G G with supp(a;o) C J Xo such that Xo(%o) ^ T+. 
We put J = J X0 . Then (l)-(4) of Proposition Ed hold for 77 = 0. 

Suppose now that a < u>i and that Xrr> an< ^ ^ have been defined to satisfy (l)-(4) of 
Proposition 16.21 for all n < a. Then the set T — Un<<r 1S countable. By assumptions of the 
lemma, there is a character Xa G K depending on I\T, i.e., there is a point g G G such that g(i) is 
the neutral element of Di for each i G T and Xa-(g) 7^ 1- It now follows from Lemma 16.31 that there 
exists a point x a G G with supp(a; ( j) C supp (5) fl J Xa such that x CT (a: CT ) ^ T + . Let J a = J Xa . It is 
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clear that Xn> x m anc ^ satisfy (l)-(4) of Proposition HT2l for all n < a. The recursive definitions 
are complete which finishes the proof. □ 

A slight modification in the above argument can be made in order to deduce the following lemma 
which will be applied in the proof of Proposition 16.161 

Lemma 6.5. Suppose that T,D C G C PD and that two sets C = {xrj ■ T) < uii} C G A and 
S = {Jfj ■ T] < Ll>i} C satisfy the following conditions for all r\ < ui\: 

(a) Xv does not depend on I \ J, ; ; 

(b) J c C J v ifC< n; 

(c) Xv depends on I \ (J f<7) J c . 

Then there exists a set X — {x v : rj < uji} C G such that C, 2), and X satisfy conditions (l)-(4) 
of Proposition 1 6. 2\ 

Proposition 6.6. Let D = Y\ ieI P>i be a product of topological groups. Then every compact set 
K C (PD) A depends at most on countably many coordinates. 

Proof. Let II = PD. Suppose to the contrary that a compact set K C II A depends on uncountably 
many coordinates. By Lemma WM there exist C C K, X C G, and 3 C [I]- satisfying conditions 
(l)-(4) of Proposition 16.21 By the latter proposition, there is an element p in the closure of C in 
T n such that p ^ II A . But K, being compact, must be closed in T n , whence p G K C II A . This 
contradiction shows that there must exist J £ [I] - w such that K does not depend on I \ J. □ 

The above proposition shows that item (b) in Corollary 15.101 can be omitted: 

Proposition 6.7. Let D = Yiiei ^ l ^ e a P r °duct of topological groups. Then the product group 
PD is reflexive if and only if PDj is reflexive for each J E [1]-^ ■ 

Theorem 6.8. Let D = Yiiei be a product of discrete Abelian groups. Then the P-group 
n = PD and the co-bounded group II A are reflexive. 

Proof. The group PDj is discrete and hence reflexive, for every J £ Therefore the reflexivity 

of II follows from Proposition 16.71 Hence the dual group n A is reflexive as well. □ 

In the case when the product D = Yiiei ®i in the above theorem contains uncountably many 
nontrivial factors, we obtain the following result that answers a question posed by S. Hernandez 
and P. Nickolas and solves a problem raised in a comment after Proposition 2.10 in [TJ. 



Corollary 6.9. 

reflexive groups. 
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There exist non-discrete reflexive P-groups as well as to-bounded noncompact 



We can now establish the reflexivity of certain P-groups which are not necessarily P-modifications 
of products of discrete groups. A simple auxiliary lemma is in order: 

Lemma 6.10. Suppose that tt: G — > H is a continuous onto homomorphism of compact groups. 
Then the homomorphism n: PG — > PH is open, where PG and PH are P-modifications of the 
groups G and H , respectively. 

Proof. Let e be the neutral element of G. It is clear that the sets of the form V = f] neuJ U n , where 
UnS are open neighbourhoods of e in G and U n +i C U n for each n £ uj (the closure is taken in 
67), constitute a base at e in PG. Therefore, it suffices to verify that every image 7r(V) is open in 
PH. Notice that the continuous epimorphism n: G — > H is open since G is compact. Using the 
compactness of G once again we see that n(V) = {~\ neu) ^{U n ), so n(V) is a Ga-set in H. Hence 
7r(V) is open in PH. □ 

Proposition 6.11. Let H be a compact Abelian group and PH the P -modification of H. Then 
the group PH is reflexive. 

Proof. It is well known that one can find a compact Abelian group G of the form G = Yiiei 
with compact metrizable factors Gi, and a continuous homomorphism n of G onto H (see [131 
Lemma 1.6]). By Lemma 16.101 the homomorphism 7r: PG — > PH is open. For every i £ I, let 
Di be the group Gi with the discrete topology. Denote by D the product group Y\ ieI P>i- Since 
the factors Gi are metrizable, the topological groups PG and PD coincide. It now follows from 
Theorem l6.8l that the group PG is reflexive, while Proposition ^. 9l implies the reflexivity of PH. □ 

According to 3, Section 4.3], a topological group H is feathered if it contains a nonempty 
compact set with a countable neighbourhood base in H . Let us call a topological group H pseudo- 
feathered if there exists a nonempty compact set of type G$ in H. It is clear that every feathered 
group is pseudo-feathered and that H is pseudo-feathered if and only if it contains a compact 
subgroup of type Gg. An Abelian group is pseudo- feathered iff it admits an open continuous 
homomorphism with compact kernel onto a group of countable pseudocharacter. In the following 
result we extend the conclusion of Proposition 16 . 1 1 1 to pseudo- feathered groups. 
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Proposition 6.12. Let H be a pseudo-feathered Abelian group. Then the group PH is reflexive. 

Proof. Let C be a compact subgroup of type Gs in H. Clearly, PC is then an open subgroup 
of PH. Since a topological group admitting an open subgroup that is reflexive is itself reflexive 
(Proposition 2.2 of [6]) and the group PC is reflexive by Proposition 16.111 we conclude that PH 
is reflexive. □ 

The next result is a common generalization of Theorem 16.81 and Proposition 16.121 

Theorem 6.13. Let H = Yii^i be the product of a family of pseudo-feathered Abelian groups. 
Then the group PH is reflexive. 

Proof. It is easy to verify that if C„ is a compact set of type Gs in a space X n , for each n £ u>, then 
the compact set C = flne^ C n ^ as tyP e Ga in the product space X = Jlne^ X n - This observation 
implies that the group Hj = Yiipj^i ^ s pseudo-feathered for each J £ ■ The reflexivity of 
PH now follows from Proposition 16.71 □ 

In Theorem 16 . 141 below we characterize the reflexivity of certain subgroups G of "big" products 
PD = Pj\i e jDi of topological groups in terms of projections 7Tj(G) of G to relatively small 
subproducts PDj = PY\ ieJ Di. 

Theorem 6.14. Suppose that D = Yiiei is a product of topological groups and Y.D £ G C PD. 

Then the group G is reflexive iff the subgroup ttj(G) of PDj is reflexive, for every set J £ I 
satisfying \J\ < Hi. 

Proof. Necessity. Let G be reflexive. Take any J £ I satisfying | J| < Hi and put H — irj(G). By 
Lemma \A. 31 the restriction to G of the projection n j : PD — > PDj is an open homomorphism of 
G onto H. Hence the reflexivity of H follows from Proposition 15.91 

Sufficiency. Suppose that tt,j(G) is reflexive, for each J £ L with |J| < Hi. Since T,D £ G, 
the equality ttj(G) = Dj holds for each J £ [i]- . Therefore, according to Corollary 15. Ill it 
suffices to show that every compact set K £ G A depends at most on countably many coordinates. 
Suppose to the contrary that G A contains a compact set K which depends on uncountably many 
coordinates. Apply Lemma 16.41 to choose families {x n : rj < uii} £ K, {x^ : rj < £ G, 
and {J v : rj < uii} £ [I]- u satisfying conditions (l)-(4) of Proposition 16.21 Let J — {J r)<UJl J v - 
Then J £ L and |J| < Hi. Hence the subgroup H = n,j(G) of PDj is reflexive. Notice that by 
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Lemma |4.3[ the restriction to G of the homomorphism ttj is open when considered as a mapping 
of G onto H. Let rj < u>i. Since x-q does not depend on I\ and J v C J, there exists a continuous 
character ip^ on H such that Xn ~ ° ^jIg- We put ^ = {ip^ : rj < ui}. 

Denote by ip the continuous homomorphism (ttj\c) a of H A to G A . Then <p{fp v ) — Xn 6 ^ f° r 
each ?7 < wi, so y(^) C X. Since if is a P-group, all compact subsets of if are finite. Hence 
Corollary 15.81 implies that ip is a topological isomorphism of H A onto the subgroup ip(H A ) of G A . 
Further, since the homomorphism ttj\g of G onto 7? is open, it follows from item (c) of Lemma 15.71 
that ip(H A ) is a closed subgroup of G A . Therefore, C = K H (p(H A ) is a compact subset of <p(H A ) 
and L = <£ _1 (C) is a compact subset of H A . It follows from <f C if A and C K that tel. 

The latter inclusion and the definition of the set ^ together imply that L depends on uncountably 
many coordinates. 

Indeed, suppose that for some countable set A C J, every element of L does not depend on J\A. 
In particular, ip v does not depend on J\A, for each rj < u)\. Since Xn — 07r jtG) we see that each 
Xr] does not depend on I\ A. It follows from our choice of the families {x-q '■ V < { x ri '■ V < 
and {J n : n < wi} (see conditions (2)-(4) of Proposition I6.2[) that supp(x^) C J v \ U«n an d 
Xv( x v) 7^ 1' f° r eacn *7 < w i- Since the sets A J; = J v \ \J^ <V J( are pairwise disjoint, there exists 
rj < lj\ such that A n = 0. Since x-q does not depend on / \ A, this implies that X^C 2 ^) = 1; 
which is a contradiction. We have thus proved that every compact subset K of G A depends at 
most on countably many coordinates and, therefore, G is reflexive. □ 

Theorem 16.141 makes it possible to find many proper dense reflexive subgroups of big products 
of pseudo-feathered groups endowed with the P-modificd topology: 

Corollary 6.15. Suppose that D — Y\ ie iDi is a product of pseudo-feathered Abelian groups and 
let 

= {x E PD : | supp(a;)| < Ni}- 
Then every group G with S^-D cGc PD is reflexive. 

Proof. According to Proposition 15.61 it suffices to show that Eki-D is reflexive. It is clear that 
ttj^E^D) = Dj — Y\ ieJ Di for each J C I with |J| < Hi, where wj: D — > Dj is the projection. 
By Theorem 16.131 the groups PDj are reflexive. One applies Theorem 16.141 to conclude that the 
group Ski-D is reflexive as well. □ 
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In what follows we identify the additive group Z2 = {0,1} with the multiplicative subgroup 
{1,-1} of T. Hence the dual group G A of every boolean P-group G is topologically isomorphic to 
a subgroup of ZSf ■ We will now show that the P-group II = PZj 1 contains proper dense reflexive 
subgroups of the form G^ defined after Theorem O 

Proposition 6.16. Every compact set K C (Gj) A depends at most on countably many coordinates, 
where £ is an ultrafilter on u>i containing the complements to countable sets. Hence the group G^ 
is reflexive. 

Proof. On the contrary, suppose that a compact set K C (G^) A depends on uncountably many 
coordinates. We construct two sets {%,, : rj < cji} C K and {J v : rj < cji} C [wi]- satisfying the 
following conditions for all 77 < w\\ 

(i) Xv does not depend on ui\ \ J n ; 

(ii) J c C J,, if C < V\ 

(iii) 77 G J v ; 

(iv) x»j depends on the set uji \ ({f]} U U^< J? ^c) ■ 

Let xo S P be a nontrivial character. Take a countable set Jo C cji such that € Jo and Xo 
does not depend on u)\ \ Jo- Suppose that for some rj < u>i, the sequences {x^ : £ < 77} C K and 
{J^ : C < v} C have been defined to satisfy conditions (i)-(iv). Then we put = [J^ <ri J( 

and choose Xv i£ such that Xj? depends on the set cji \ (T, ; U {77}). Such a choice of Xr ( is possible 
since the set T v U {77} is countable and K depends on uncountably many coordinates. Let J^ be a 
countable subset of u\ such that Xv does not depend on uj\\J' Then the set J v — U T v U {77} 
is countable and Xv does not depend on cui\J v . Therefore, the sets {xc ■ C < ij} and {Jf : £ < 77} 
satisfy (i)-(iv) at the step 77. 

T G e 

For every A e we put Pa = {x?j : 77 e A} and 6 = {Pa : A £ (}. It follows from Xv E ^ 
for all 77 < u)\ and the compactness of K that Pa C K, for each i 6 Since C is a family of 
closed subsets of the compact space T Ge with the finite intersection property, C has non-empty 
intersection. Let p be a point in P|{Pa: A G £}. Clearly, p e K, so p is continuous. Let J p be a 
countable subset of 0J\ such that p does not depend on cjj \ J p . 

Since £ is a dense subgroup of both G^ and II = PJ^ 1 , the characters p and x-q admit continuous 
extensions p : II — > T and x„ : II — > T, for each 77 < u)\ . Again, the density of Gj in LI implies that 
p does not depend on u)\ \ J p and x-q does not depend on u)\ \ J n . 
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Denote by 1 the element of II all of whose coordinates are equal to 1. For every 77 < u>\, let 
H v = {x £ II: x(rj) = 0} and take a character ^ on II = (H v , 1) defined by tp^ix) = X„(x) an d 
i/jt,(x + 1) = x v ( x ) + p(1)i f° r au ^ ^ -Hij- Since 77 G J^, we have U(J V ) C i/ r; . It then follows from 
the above definition that ip„ does not depend on u>i\J r ,. 

Claim 1. Put T n = [j^ <rj Jq- For every 77 < cJi, the character ^ depends on cjj \ T^. 

Proof of Claim 1. Indeed, by (iv) of the recursive construction, Xv depends on w\ \ ({77} U T n ). 
Hence there exists x £ G^ n U ({77} U T n ) such that Xv( x ) 7^ 1- Then x £ H v and ^(2:) = = 
Xrj{x) 7^ 1, and we see that ip^ depends on oj\ \ T V . 

7 ^-T n 

Claim 2. For all a < wi, p £ {ip v : a < n < u>i\ 

Proof of Claim 2. Fix a < u>i and take {gi, . . . ,g n } C II. We can assume that there exists 
m < n such that {51, . . . ,g m } C G ? and {g m +i, ••• ,9n} C II \ G e . Then {gi, . . .,g m ,g m+1 + 
1,. . . ,5„ + l} C G c . Let A= Wi\Ui< TO supp(5i), S = n m <fc<„ supp(g fe ), and C7 = AnBn[a,m). 
It follows from our choice of g\, . . . ,g n that C £ £. So, p 6 Fc- Take rj £ C such that p(<?i) = Xjj(ffi) 
whenever 1 < i < m and p(<?/c + 1) = XrjiSk + 1) whenever m < k < n. If 1 < i < m, then (7,(77) = 
because ije A So, & e and V^Cffi) = = Xv(di) = p{9%) = P~(9i)- It m < k < n, then 

(9k + 1 )( ? 7) = because r\ £ B. So, (g k + 1) £ H v and ^(^fe + 1) = X v (9k + 1) = XryCSfc + 1) = 
p(gk + 1) = 7>{gk + !)• Since ip^ and p are homomorphisms and V'jj(I) = we see that 

_ T n 

^r/Cfffe) = p(fffe)- Therefore, p G {V'tj : a < 77 < wi} . This completes the proof of Claim 2. 

Now, we have a character p G LI A , a family of characters {ip v : 77 < oj\ } C II A , and a family 
{J v : rj < u>i} of countable subsets of w\. If follows from our definition of the characters t/^'s 
and the above conditions (i), (ii), and (v) that {ip v : r\ < uj\} and {</,, : 77 < u±} satisfy (a)-(c) of 
Lemma [^31 (with t/^'s in place of Xj?' s )- Since p G f] a<UJl {ipri '■ a < rj < uji} , we are in position to 
use Proposition ^. 21 to obtain a contradiction with the fact that p is continuous. This contradiction 
shows that the compact set K depends at most on countably many coordinates. The reflexivity of 
now follows from Theorem [53] □ 

To finish this section, we extend the conclusion of Proposition l6 . 1 61 to subgroups of the group 
PZ2, for any uncountable cardinal r. 

Theorem 6.17. Let r > u> be a cardinal and £ an ultrafilter on t containing the complements to 
countable sets. Then subgroup G^ of P7L\ is reflexive. 
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Proof. According to Theorem l6.14l it suffices to verify that the subgroup ttj(G^) of the group P1>i 
is reflexive, for every set J C r satisfying | J| < Hi. Let us consider two possible cases. 

Case 1. J ^ £. Then the definition of G^ implies that ttj{G{) = iJ^ , so the reflexivity of ttj(G^) 
is immediate from Theorem 16.81 

Case 2. J G £. Put 77 = {J n ^4 : ^4 6 £}. Then n is an ultrafilter on J containing the 
complements to countable sets. Further, the definition of Gj implies that the projection ttj(G^) of 
coincides with the subgroup G v of PZj . Identifying J and wi and applying Proposition 16.161 
we see that the group 7Tj(Gj) is again reflexive. □ 

7. Non-reflexive P-groups 

We would like to trace the border between reflexivity and non-refiexivity for P-groups G such 
that £P C G C PD, where D = Jlie/ is a product of discrete groups. Recall that by an old 
result of Leptin in [T7] (see also [5J Example 17.11]), the subgroup 

aZ<2 1 = {x G 1 : supp(a;) is finite } 

of PZj 1 is not reflexive. We now extend this fact to some dense subgroups of the groups of the 
form PD. 

Let 67 be a subgroup of PD containing SP. For each i G /, let 714 : G — > Di be the projection, 
TTi(x) = x(i). For a set J C /, we also put Fj — {tp o m : i G J, </? G (Pi) A } U{1}j where 1 is 
the identity of G A . 

Lemma 7.1. Por ever?/ J G P/ C G A . 

Proof. Suppose that J € [Pj- W and take any p G Pj. Then E/(J) is an open set in PP containing 
Og such that p(U(J) n G) = {1}. Therefore p is continuous. □ 

Lemma 7.2. Let J be a nonempty subset of I and ip G Fj, ip ^ 1. P/ien i/> is continuous as a 
character on G if and only if there exists x G SP smc/i that ip(x) 1. 

Proof. Suppose that ip is continuous. Since ip ^ 1 and SP is dense in G, there is a point a; G EP 
such that ^>(a;) / 1. 

Conversely, take a; G SP such that ip(x) ^ 1 and write Pj = Pjnsuppfz) U Fj\ supp ( x y Since 
(x 7r i)( a; ) = 1 for all i G J \ supp(x) and all \ G {Di) A , we have that ?/> ^ Pj\ S upp(a;)- Then 
^1 G Pjnsupp(a;)- It now follows from Lemma |7. II that ip is continuous. □ 
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Proposition 7.3. Let D = Yiiei ®i be a product of nontrivial discrete Abelian groups. Then the 
subgroup E = ED of PD is not reflexive provided that \I\ > uj. Furthermore, the bidual group E A A 
is discrete. 

Proof. Given tp £ Fj, ip 7^ 1, there exists x £ E such that ip(x) ^ 1. It now follows from 
Lemma [7.21 that Fj C E A . The set Fj is compact as a closed subset of T s . Since F/ does not 
depend on countably many coordinates (it actually depends on every index i £ I), the group E is 
not reflexive by Theorem l5.5l It is easy to see that Fj generates a dense subgroup of E A , so (i 7 /) l> 
contains only the neutral element of G AA . Hence the bidual group E A A is discrete. □ 

Sets of the form Fj, with J ^ I, can also be used to show that some subgroups larger than 
E = ED are not reflexive. This is done in Lemma [7.51 for groups of the form Gl = (E,L) with 
L C PD satisfying \I \ \J xeL supp(a;)| > U\. 

Lemma 7.4. Let L be a subset of PD and J = I\ \J x£L supp(x). If \J\ > u>, then Fj = 
{tp o -Ki : i £ J, ip £ (D,;) A } U{1} * s a compact subset o/(Gl) a . 

Proof. Take ip £ Fj, ip ^ 1. Assume that ip(z) = 1 for all z £ E. Take g £ G such that ip(g) ^ 1 
and write g — z + n\X\ + . . . + nkXk, where z £ E, x\, . . . ,Xk £ L, and ni, . . . ,rik £ Z. Since 
ip(g) ^ 1 and U = {y £ T G : y(g) ^ 1} is an open neighbourhood of ip, there are j £ J and 
if £ {Dj) A such that (if o TTj)(g) £ U. Then (ip o nj)(g) =^ 1 which is a contradiction because 

((p o nj)(g) = (ip o nj)(nixi H h n k x k ) = ip(niXi(j) H h n k x k {j)) = v?(0g) = 1. 

So, there is z £ E such that ip(z) ^ 1. Now the continuity of ip follows from Lemma \7. 2 1 □ 

Theorem 7.5. Let L be a subset of PD such that the set J — I \ U xeL supp(a;) is uncountable. 
Then the subgroup G = (E,L) of PD is not reflexive. 

T G 

Proof. Put Fj = {tp o m : i £ J, tp £ (A) A } • It follows from LemmaOJthat Fj C G A . Since Fj 
depends on every coordinate i £ J, we conclude that G is not reflexive in view of Theorem [531 D 

The preceding results make use of sets of the form Fj to see that some subgroups G with 
YjD CGc PD are not reflexive. Sets of this sort were already used by Leptin [T7] to evidence the 
nonreflexivity of crZ^ 1 . We see next that Fj may not be contained in G A , for some G = (EZ?,a) 
and J £ I. This makes necessary a different approach to show, as we do in Theorem 17.81 that 
these groups are not reflexive. 
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Let II = PD, E = EZ?, and a be a point in ±I\E such that na£S for some integer n > 1. We 



put G = (E, a), J — supp(o), and Fj — {ip o m : i G J, (-Di) A } • Note that G ~ {g + ka: g E 
E, < Jfe < n}. 

Lemma 7.6. If G = (E, a), i/ien .Fj is no£ contained in G A . 

Proof. Since na £ E, there exists a countable set C C I such that na(i) = 0; for each i E I \ C. 
Therefore, we can find a divisor m of n with m > 1 and an uncountable set ic J\C such that 
the order of a(i) equals m for each i G A. 

Let us define ip in Hom(G,T) as follows: ip(g + la) = e ( 27ri /™)* for all g G E and J G Z. Since 
"0(<?) = 1 for each g G E and ip{l\a) = ipfca) whenever to divides Zi — Z2, our definition of ^ is 
correct. We now show that ip G ^A- F° r this, let be points in E, Z/. be integers, and open 
sets in T such that ip(gk + Z^a) G T4 for all k < N, where TV G N. Since | Uo<fe<Af su PP(Sfe)l ^ w 
and |j4| > ui\, we can choose j G A\ Uo<fc<_/v su PP(5fe)- Since the order of a(j) equals m, there is 
a character p £ {Dj) A such that p(a(j)) = e^/ m ' 1 . Now it is easy to see that (p o 7Tj)(gk + ha) = 
"^{dk + ha) £ Vk whenever < k < N. Therefore ip £ Fa C Fj. The discontinuity of ^1 follows 
from Lemma [7T2l because ip ^ 1 and = 1 for all g £ E. This proves that ip G Fj\ G A 7^ 0. □ 

By Lemma [7.61 the argument used in Proposition 17.31 for ED does not work for (E, 1), where 
E = EZj 1 and 1 is the element of Zj 1 all of whose coordinates are equal to 1. However, we show 
in Theorem 17.81 that the group (E, 1) is not reflexive either. 

Lemma 7.7. Let IT = PZ^" 1 and E = Ell. Suppose that a subgroup LofH has the property that 
for each a < uj\, there exists an ordinal /3(a) such that a < /3(a) < cj% and the restriction to L of 
the projection Pji a ) ■ n — > Zj ^ is infective, where J (a) — /3(a) \ a. Then the subgroup G = E + L 
of II is not reflexive. 

Proof. For every a < ui, let 7(a) = /3(a) + l and decompose = iJ Q ©L Q , with L a = p 7 ( Q )(L), 

where p 1 ( a ) '■ n — > 1?^°^ is the projection. Observe that we can (and so we will) choose H a to 
satisfy the following condition: 



We also choose, for every a < u>i, a homomorphism ip a : Zj — > Z2 such that ip a (L a ) = {0} and 
ipa\H a = Kp{a.)\H a i where np( a ) is the projection of Zj^ to the /3(a)th factor (Z2) | g( a ). Let us put 
Xa = ipa P-y(a)- Since both homomorphisms ip a and P-y( a ) are continuous, so is Xa- 




(1) 
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For every a < Ui, let E a = {x a ■ cr < a} 2 . We claim that E Ul C G A . Indeed, let p G E UJl . If 
p 0, there is g G G with /3(g) = 1. Take gi G S and g 2 G £ such that <? = gi+g 2 - If p(<?2) — 1 ; then 
there exists a < u>i such that Xa(<?2) = 1 which is not possible because Xa(92) = r 4 } a{p-y( a ){g2)) = 0. 
We thus have p(g\) — 1. Now, mimicking the proof of Lemma 1 7. 2 [ we may take a < lo\ such that 
supp(gi) C a, and write 

E Wl = E a (J {x<j : cr> a} 1 " 2 . 

Take any a > a. It follows from (1) that Pj( a )(9i) G H a and hence X<?{gi) = ,( /'(t(p 7 ( ( t)(5i)) = 
7r /3(cr)(P7(o-)(3i)) = 0. Since cr > a is arbitrary, we conclude that p ^ {x<r : a > a} 2 and, therefore, 
p G We have thus that E Ul = {J a<LJl E a . Since all elements of E a are continuous (they all do 
not depend on ui \ 7(a)), we see that E Ul is a compact subset of G A . 

Given a < w\, we define b a G £ by & Q (7) = if 7 7^ /3(o0 and b a (f3(a)) — 1. This implies 
that p 7 ( q )0q) G i? Q and, therefore, Xa(b a ) = ^a(p 7 ( a )(M) = T/9(a)(p 7 (a) (&<*)) = &a 08(a)) = 1- 
It follows that Xa depends on the index (3(a) which in its turn implies that E Ul depends on 
uncountably many coordinates. By Theorem 15. 5[ the group G is not reflexive. □ 

Theorem 7.8. Let r be an uncountable cardinal, LT = P*L\~, and £ = XTI. Then, for every 
countable subgroup L of Ti, the group G = £ + L C n is not reflexive. 

Proof. Let Lq — L n £. Since every subgroup of the boolean group L is a direct summand, there 
exists a subgroup L\ of L such that L = Lq ® L\. Since Lq C £, we see that G = S + L = 
£ + Lq + ii = X + L\. It follows from our definition of L\ that the intersection EflLi is trivial, 
so the set supp(x) is uncountable, for each x G L\ distinct from Oq- 

Take a subset J of r such that \ J\ = Hi and | J H supp(x)| = Hi for each x G L\, x ^ Qq- 
By Theorem I6.14[ it suffices to show that the subgroup ttj(G) of PZj is not reflexive. Since 
7Tj(G) = 7Tj(£) + ttj(Li) and 7Tj(£) = £2^, we can assume without loss of generality that 
r = J = oji . Hence G is a subgroup of n = PZ^ 1 . 

In view of Lemma 17.71 it suffices to show that for every a < uj\ , there is a countable ordinal 
(3(a) > a such that the restriction to L\ of the projection P[ a ,p( a )) is injective. Given an ordinal 
a < u>i, we take an element (3(x) G supp(x) \ a, for each x G L\ \ {0g}, and put 



B = {(3(x) :xeL x , x^0 G }. 
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Then \B\ < \L\\ < u, so there exists a countable ordinal (3(a) > a such that B C /3(a). Put 
J(a) = /3(a) \ a. It is clear that the restriction to L\ of the projection pj( a ) is one-to-one since 
B C J (a) and B intersects the set supp(x) \ a, for each x £ L\ distinct from 0<3- This finishes the 
proof of the theorem. □ 



8. Problem section 

Here we present several problems whose solutions can substantially improve our understanding 
of the duality theory for P-groups. The first of them arises in an attempt to extend Theorem 16.81 
to arbitrary products of reflexive P-groups: 

Problem 1. Let II = fl ieI Gj be the product of a family of reflexive P-groups. Is the group PLI 
reflexive? 

According to Proposition 16 . 71 it suffices to consider the case when the index set I in the above 
problem is countable. One can try to prove (or refute) a more general form of the above problem 
inspired by Proposition 16. Ill 

Problem 2. Let G be a reflexive topological group. Is the group PG then reflexive? 

A direct verification shows that every reflexive P-group constructed so far contains a discrete 
(hence closed) subgroup of cardinality 2". This explains the origin of the following problem: 

Problem 3. Does there exist a nondiscrete reflexive Lindelof P-group? 

In the next problem we pretend to generalize Theorem 16. 171 

Problem 4. Let r be an uncountable cardinal and G be a subgroup of LT = PZ£ such that 
\U/G\ < uj (or \n/G\ < lo). Is G reflexive? What if, additionally, G contains £11? 

We do not know whether Theorem 17.81 extends to bigger subgroups of PZ£ 1 : 

Problem 5. Is is true that the subgroup S + L of LT = PZ^ 1 fails to be reflexive, for any subgroup 
L of LI satisfying \L\ < Hi? 
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